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We highlight a general theory to engineer arbitrary Hermitian tight-binding lattice models in
electrical LC circuits, where the lattice sites are replaced by the electrical nodes, connected to its
neighbors and to the ground by capacitors and inductors. In particular, by supplementing each
node with n subnodes, where the phases of the current and voltage are the n distinct roots of unity,
one can in principle realize arbitrary hopping amplitude between the sites or the nodes via the shift
capacitor coupling between them. We then implement this general principle to construct a plethora
of topological model Hamiltonians in electrical circuits, also known as topoelectric circuits, where
the robust zero-energy topological boundary modes manifest through a large boundary impedance,
when the circuit is tuned to the resonance frequency. The simplicity of our circuit constructions
is based on the fact that the existence of the boundary modes relies only on the Clifford algebra
of the corresponding Hermitian matrices entering the Hamiltonian and not on their particular rep-
resentation. This in turn enables to implement a wide class of topological models through rather
simple topoelectric circuits with nodes consisting of only two subnodes. We anchor these outcomes
from the numerical computation of the on-resonance impedance in circuit realizations of first-order
(m = 1), such as Chern and quantum spin Hall insulators, second- (m = 2) and third- (m = 3) order
topological insulators in different dimensions, featuring sharp localization on boundaries of codimen-
sionality dc = m. Finally, we develop stacked topoelectric circuit construction to engineer topological
semimetals, among which three-dimensional Weyl, nodal-loop and quadrupolar Dirac semimetals are
the most prominent ones, respectively displaying surface and hinge localized impedance.
I. INTRODUCTION
Simple topological models, such as the Su-Schrieffer-
Heeger (SSH) [1–3] and the Bernevig-Hughes-Zhang
(BHZ) model [4, 5], have played a pivotal role in the
development of topological condensed matter physics.
In particular, they provide effective description of var-
ious topologically and symmetry protected phases [6–
11], which captures the topological invariant, boundary
modes, and responses to external perturbations. Re-
cently, a new frontier opened up with the advent of meta-
materials where these simple models can be directly engi-
neered in various platforms, manifestly showing the topo-
logical features. Notable examples include photonic [12–
20], phononic [21–29] and topoelectric [30–38] settings
where local manipulation of the lattice elements allows
to control the hopping amplitude and the phase.
In this respect, topoelectric circuits, made of rather
simple capacitance and inductance elements, yield a read-
ily available route for the realization of a plethora of
topological phases [30–69]. The mapping between the
response of a circuit to a locally applied voltage and a
tight-binding Hamiltonian is facilitated by the frequency-
dependent admittance matrix Jˆ(ω). Its form depends
on the connectivity of the circuit elements through the
nodes, which is used to engineer the parameters of a hop-
ping model. In this platform the impedance between the
∗ bitan.roy@lehigh.edu
two nodes, related to the admittance matrix, can be used
to locally detect the boundary modes, and thus serves as
an electric circuit analogue of a tunneling probe for topo-
logical crystals.
A. Summary of results
Motivated by these developments, in this paper we
use a general framework for constructing arbitrary tight-
binding models in topoelectric circuits to realize various
gapped and gapless topological phases in one, two and
three dimensions. We first rederive in a rather transpar-
ent and independent way the known result [30, 31, 38]
that a tight-binding model with arbitrary hopping am-
plitudes and phases can be constructed by extending a
node in an LC circuit (see Fig. 1) to include n subnodes
with the same amplitude of the input voltage but the
phase factors representing n different nth roots of unity.
This method relies on the fact that each of the n inequiv-
alent connectivity configurations between the subnodes,
realized with identical capacitors, directly maps into the
phase factor equal to one of the nth roots of unity, see
also Figs. 2 and 3 where, respectively, the cases n = 2
and n = 4 are displayed.
We show that a wide range of topological models can
be realized in rather simple two-subnode topoelectric cir-
cuits. To this end, we use the fact that the existence of
the topological modes relies only on the Clifford algebra
of the Hermitian matrices entering the Hamiltonian, but
not on their representation. This enables to implement
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2various topological models so that the hopping elements
are purely real. In turn, the corresponding topoelectric
circuit can be constructed by supplementing each node
(representing a lattice site) by only two subnodes, be-
tween which the phases of current and voltage differ by
a factor of exp(ipi) = −1.
This method is exemplified starting with the paradig-
matic one-dimensional SSH (Fig. 4) and two-dimensional
BHZ (Fig. 6) models, featuring, respectively, the local-
ized end-point and edge topological modes. We then
use the on-resonance impedance to show the hallmark
boundary modes, as displayed in Figs. 5 and 7, and
also to infer the global phase diagram of the models,
shown in Fig. 8 for the Chern insulator. The realiza-
tion of the quantum spin Hall insulator (QSHI) is dis-
played in Fig. 9. The outlined general method can be
also used to construct the phases beyond the tenfold
way [70], such as second-order topological insulator in
two dimensions (Fig. 10) and third-order topological in-
sulator three dimensions (Fig. 11), both of them fea-
turing sharp corner localized on-resonance impedance.
We also show how the hierarchy of the topological in-
sulators can be realized in the topoelectric platform in
the case of two-dimensional second-order topological in-
sulator by breaking the four-fold (C4) rotational sym-
metry of the parent first-order phase (Fig. 12) and ex-
plore a related antiunitary symmetry protected general-
ized second-order topological insulator (Fig. 13). Finally,
various two- and three-dimensional topological nodal
semimetals can be implemented through stacking of the
SSH circuits, as shown in Fig. 14(a) for two-dimensional
Dirac semimetal, with its hallmark boundary impedance
displayed in Fig. 14(b). The surface impedance cor-
responding to the drumhead states for the nodal line
semimetal is shown in Fig. Fig. 14(c), while the Fermi arc
surface states for the three-dimensional Weyl and Dirac
semimetals are displayed in Fig. 15 and 16, respectively.
Finally, the hinge mode impedance for the quadrupolar
(second-order) Dirac semimetal is shown in Fig. 17.
B. Organization
The rest of the paper is organized as follows. In Sec. II
we present the general framework for constructing tight-
binding models with arbitrary parameters. In Sec. III
we apply this method to the realization of the first-order
topological phases in SSH and BHZ models, as well as
to the topological Chern insulator. Sec. IV is devoted
to higher order topological insulators in two and three
spatial dimensions. In Sec. V, we present the construc-
tion of the C4-symmetry breaking second-order topo-
logical insulator from the quantum spin Hall insulator
and a related antiunitary symmetry protected general-
ized higher-order topological insulator. In Sec. VI, we
implement various topological nodal semimetals in the
topoelectric platform, such as two- and three-dimensional
Dirac semimetals, and three-dimensional Weyl, nodal-
FIG. 1. A schematic LC circuit showing only two nodes a
and b. Here Cab and Lab are the capacitance and inductance
between these two nodes, respectively. The capacitance and
inductance between the node a and the ground (G) are Ca
and La, respectively.
line and quadrupolar Dirac semimetals. In Sec. VII, we
summarize and discuss our results.
II. GENERAL SETUP
In this section, we highlight a general procedure for
implementing an arbitrary tight binding model in LC
electrical circuits. For completeness, we first discuss the
relation between the admittance and the experimentally
measurable impedance. In particular, we lay out the con-
nection between the divergence of this observable and
the existence of the admittance zero modes, which in
turn captures the hallmark of topological phases in the
circuit setup. Second, we rederive a general rule for de-
vising a tight-bonding model with an arbitrary phase of
the hopping in an LC circuit network [30, 31, 38] in an in-
dependent and transparent approach, which will be sub-
sequently used to demonstrate the realization of different
topological phases in topoelectric circuits.
A. Admittance and impedance matrices
To make the connection between the electric circuit
and a tight-binding lattice model, we start by considering
a representative LC circuit, shown in Fig. 1. The electric
current that flows into the ground and the voltage at
a particular node a of an LC circuit are related by the
Kirchhoff’s law according to
I˙a =
∑
b
Cab(V¨a−V¨b)+ 1
Lab
(Va−Vb)+CaV¨a+ 1
La
Va. (1)
3FIG. 2. Two possible circuit configurations with a two subn-
ode structure. (a) The normal connection, and (b) the crossed
or one-shift connection. Each subnode (+ or −) at each node
(a or b) is grounded (not shown here explicitly) via capaci-
tance and inductance Cg and Lg, respectively, see Fig. 1.
Here, X˙ ≡ dX/dt, the roman letters a, b, . . . label the
nodes in the circuit, while Ia and Va denote the current
and voltage at the node a, respectively. The capacitance
and inductance between nodes a and b are respectively
Cab and Lab, while Ca and La represent these parameters
between the node a and the ground.
To characterize the response of an LC circuit to an
applied voltage, we Fourier transform Eq. (1) to obtain
a nonlocal relation between the voltage and the current
at frequency ω
Ia(ω) =
∑
b
Jab(ω)Vb(ω). (2)
The admittance matrix Jab(ω) reads as
Jab(ω) = iω [Nab(ω) + δabWa(ω)] , (3)
where
Nab(ω) = −Cab + 1
ω2Lab
, (4)
Wa(ω) = Ca − 1
ω2La
−
∑
c
Nac, (5)
and Nab and Wa depend on the network structure of the
circuit and on the grounding, respectively.
The experimentally measurable quantity in this con-
text is the impedance, defined through the response of
the circuit to an applied current. In particular, we
are interested in the voltage response when a current
Ia(ω) ≡ I(ω) is injected into a node a, yielding an outgo-
ing current from node b, given by Ib(ω) = −Ia(ω) (follow-
ing the Kirchhoff’s sign convention), and with no current
inflow or outflow at any other nodes. The voltage differ-
ence between nodes a and b then defines the two-point
impedance between these two nodes
Zab(ω) =
Va(ω)− Vb(ω)
I(ω)
. (6)
Taking the spectral form of the admittance matrix
Jab =
∑
n
jnψ
∗
n,aψn,b, (7)
and introducing its regularized inverse matrix
Gab =
∑
n,jn 6=0
j−1n ψ
∗
n,aψn,b, (8)
defined to exclude the zero eigenmodes of Jab, the
impedance Zab reads as
Zab = Gaa−Gab−Gba +Gbb =
∑
n
|ψn,a − ψn,b|2
jn
. (9)
Therefore when at least single eigenvalue jn of the ad-
mittance matrix is very small, we expect a large response
in the impedance Zab. Particularly, in the circuit real-
izations of topologically nontrivial phases, such a large
signal corresponds to the gapless modes at the boundary
of the system. Furthermore, in spatially extended cir-
cuits with translational symmetry in the bulk, the zero
modes of the admittance are localized at the boundary,
as we will show later in concrete examples, and directly
identify the topological nature of the system.
B. Arbitrary hopping phases
To establish the correspondence with tight-binding
models, we first notice that the admittance matrix in
Eq. (3) up to the factor of iω is Hermitian, namely
Jab(ω) = iωHab(ω), with Hab(ω) = H
∗
ba(ω). Further-
more, if the nodes are thought of as the lattice sites, the
matrix Hˆ(ω) can be associated with a Hamiltonian of a
tight-binding model on this lattice, with the off-diagonal
elements that correspond to hoppings, while the diagonal
ones representing the on-site chemical potential. Here-
after, the matrix Hˆ(ω) is referred to as the Hamiltonian.
As can be seen from the form of the admittance matrix
in Eq. (3), the corresponding Hamiltonian is completely
real. Nevertheless, a hopping with an arbitrary com-
plex phase can be implemented in this setup, as shown in
Refs. [30, 31, 38], which we rederive in a rather straight-
forward and independent manner below.
To this end, we first notice that the voltage and current
at a node are defined up to a phase factor. This obser-
vation allows one to enrich the node structure to include
more subnodes within the same node with the same mag-
nitude of the voltage and current, but the phase factors
shifted with respect to each other, see Figs. 2 and 3.
1. Two subnodes
To illustrate this protocol, let us start with the sim-
plest example of a node featuring the two subnodes (±)
at which the voltages are shifted by a relative phase fac-
tor exp[ipi] = −1, see Fig. 2. Two possible configurations
of connection between the neighboring nodes, shown in
4FIG. 3. (a) Circuit construction of a node with four subnodes
a(α), where α = ±,±i denote the relative phase of the current
or voltage between the subnodes. (b) Schematic representa-
tion of a node with four subnodes. (c) One-shift capacitor
connection with capacitance C between two nodes a and b.
(d) Schematic representation of the one-shift capacitor con-
nection from (c). Two-shift, three-shift, and no-shift or direct
capacitor connections between nodes a and b are schematically
shown in (e), (f), and (g), respectively. The effective hopping
elements between these two nodes or sites are then t(d) = iC,
t(e) = −C, t(f) = −iC and t(g) = C.
Figs. 2(a) and 2(b), correspond to the admittance ma-
trices with the following effective Hamiltonian
Hˆα(ω) = σ0 ⊗ Dˆ + σ1 ⊗ Cˆα. (10)
Here Cˆα = Cτα, α = 0 (α = 1) corresponds to the circuit
configuration in Fig. 2(a) [Fig. 2(b)], and ⊗ represents
direct or tensor product. The Pauli matrices {σν} and
{τν} act on the node and the subnode spaces, respec-
tively, where ν = 0, · · · , 3. Here, the diagonal part in the
node space is
Dˆ =
(
Cg − 1
ω2Lg
)
τ0 +
1
ω2L
τ1, (11)
where Cg and Lg are the capacitance and inductance
of the grounding elements (displayed in Fig. 1, but not
shown in Fig. 2), respectively, which can tune the circuit
to the resonance. Since we are interested only in the
configuration with the voltages tuned out of phase on
the two subnodes within the same node, to obtain the
hopping and the on site chemical potential the subnode
matrix is projected onto the relevant subnode subspace
spanned by the vector v2 = 1/
√
2[1,−1]>. The projector
onto this subspace P2,ij = v2,iv
∗
2,j explicitly reads
Pˆ2 =
1
2
(τ0 − τ1). (12)
Consequently, the hopping matrix element for the two
configurations in Fig. 2 respectively read
tα = Tr(Pˆ2CˆαPˆ2), (13)
for α = 0 and 1, yielding
tα = (−1)α C, (14)
after using Eq. (10). On the other hand, the on site
chemical potential for these two configurations are
µα = Tr(Pˆ2DˆαPˆ2). (15)
As a consequence of Eq. (10), we find for both circuit
network configurations µ0 = µ1 ≡ µ, where
µ = Cg − 1
ω2Lg
− 1
ω2L
. (16)
Obviously, by applying different grounding elements on
the two sites, the difference of the onsite chemical poten-
tials can be realized. Consequently, by periodically re-
peating two subnode circuit configurations an arbitrary
tight-binding model with pure real hopping can be real-
ized in topoelectric circuits. In fact, as we show, a wide
class of topological models can be cast in such a form
since the topological features do not depend on the repre-
sentation of the Hermitian matrices entering the Hamil-
tonian, but only on their Clifford algebra. Finally, by
generalizing the above construction to include more than
two subnodes on a single node a hopping with an arbi-
trary phase factor can be obtained.
2. Four subnodes
Next we consider the four subnode configurations, as
shown in Fig. 3(a), where the phase differences between
the subnode a(+) and the rest of the subnodes [includ-
ing the subnode a(+)] are ±1,±i. Therefore the rele-
vant subnode subspace is spanned by the vector v4 =
(1/2)[1,−i,−1, i]>, graphically represented in Fig. 3(b).
The corresponding projector P4,ij = v4,iv
∗
4,j , with the
explicit form given by
Pˆ4 =
1
4
 1 i −1 −i−i 1 i −1−1 −i 1 i
i −1 −i 1
 . (17)
The hopping element between the nodes a and b is then
the projection of the connectivity matrix between the
subnodes onto the subspace spanned by the vector v4,
namely
tα = Tr(Pˆ4CˆαPˆ4), (18)
with Cˆα as the connectivity matrices for four possible
configurations, schematically shown in Figs. 3(d)-(g). For
instance, the circuit in Fig. 3(c) corresponds to the graph
in Fig. 3(d), and the corresponding connectivity matrix
is
Cˆ(d) = C
0 0 0 11 0 0 00 1 0 0
0 0 1 0
 , (19)
5FIG. 4. The SSH model and its topoelectric circuit realiza-
tion. (a) The real space realization of the SSH model. A
and B are two orbitals on each lattice site. The solid red
lines correspond to hopping λ, and the hopping amplitudes
t˜1 = (t + t1)/2 and t˜2 = (t − t1)/2 are respectively repre-
sented by solid blue and dashed black lines, see Eq. (20).
When |λ/t| < 1 the system is in the topological phase. (b)
The hopping pattern in the limit t = t1, see Eq. (21). (c)
A circuit realization of the SSH model in the limit t = t1,
with two subnodes at each node or orbital. Two nodes resid-
ing within the dashed rectangle constitute the unit cell of the
SSH model. The corresponding capacitances in the circuit are
λ (red) and t (blue). The inductors connecting each subnode
to the ground (not shown explicitly here, see Fig. 1) and two
subnodes at each node are all with the same inductance equal
to L. (d) The circuit realization of the SSH model with an
effective negative nearest-neighbor hopping amplitude due to
the crossed or one-shift connection (see Fig. 2), yielding access
to the parameter regime λ/t < 0.
where C is the capacitance between two neighboring
nodes. Then Eq. (18) yields t(d) = iC. Similarly, one
can readily check that the circuit with the graph shown
in Fig. 3(e) [Fig. 3(g)] yields the hopping t(e) = −C
[t(g) = C], while for the remaining graph in Fig. 3(f) the
hopping t(f) = −iC. A straightforward calculation then
shows that the corresponding on site potential when the
grounding elements on all four subnodes are the same, is
given by µ = Cg−1/(ω2Lg)−1/(ω2L). Again, by choos-
ing different grounding elements for different nodes, one
can tune difference of the on site chemical potentials.
Therefore, the four subnode LC circuit can realize an
arbitrary tight-binding model with hopping phases be-
ing four fourth roots of unity, namely exp[2piim/4], with
m = 1, 2, 3, 4, i.e. either purely real or purely imaginary.
3. n subnodes
This construction can now be further generalized to a
hopping with phase factors Φn,m = exp[2ipi(1 − m)/n],
with m = 1, ..., n, which are the nth roots of unity.
Now each node contains n subnodes. The hopping el-
ements are obtained by projecting the connectivity ma-
trices onto the subspace spanned by the n-component
vector vn, with the elements vn,m = Φn,m. The ma-
trix corresponding to the “one-shift” in the connectivity
1 → n, 2 → 1, 3 → 2, 4 → 3, ..., n → n − 1 generates the
hopping equal to t(1) = exp[2ipi/n]. See Appendix A for
the proof. More generally, an s-shift results in the hop-
ping phase equal to t(s) = exp[2ipis/n], as also shown in
Appendix A.
In the following, we apply this general protocol to con-
struct various insulating and gapless or nodal topological
phases, both more conventional first-order ones and the
higher-order ones, in one, two, and three spatial dimen-
sions.
III. FIRST-ORDER TOPOELECTRIC
INSULATORS
The hallmark of any topological phase of matter is
the bulk-boundary correspondence, which assures the
existence of topologically protected robust boundary
modes [4–11, 71–76]. Typically, a d-dimensional topo-
logical phase supports such modes that reside on (d−1)-
dimensional boundaries, which are also characterized by
the co-dimension dc = d − (d − 1) = 1, yielding first-
order topological phases. Some well known examples of
topological modes include the endpoint modes in one-
dimensional SSH topological insulator, one-dimensional
edge modes for two-dimensional Chern and quantum
spin Hall insulators, and the surface states of three-
dimensional topological insulators. In this section we
demonstrate realizations of some of these insulating
phases in topoelectric circuits. In Secs. VI A, VI B and
VI C we demonstrate circuit realizations of first-order
nodal or gapless topological phases.
A. Su-Schrieffer-Heeger model
The Su-Schrieffer-Heeger (SSH) model is a paradig-
matic example of a topological state in one dimension [1–
3]. Here we show its circuit realization within the general
construction principle, discussed in the previous section.
The Hamiltonian of the SSH model in the real space takes
6FIG. 5. Numerical computation of the impedance of the SSH
chain realized on an electrical circuit, see Figs. 4(a) and 4(b).
(a) On-resonance logarithm of the impedance ln(Z) in an SSH
circuit of linear dimension ` = 10 with input point on the or-
bital A at site 1 and output point on the orbital B at various
sites of the circuit for λ/t = 0.6 (top) and λ/t = −0.6 (bot-
tom). (b) Same as (a), but with the output point on the or-
bital A at various sites of the circuit. Frequency dependence
of the impedance in an SSH circuit of linear dimension ` = 10
for (c) λ/t = ±0.55 (topological phase) and (d) λ/t = ±2.00
(trivial phase). Here we compute the impedance with the or-
bital A at site 1 as the input point and the orbital B at site 10
as the output point. While the peak (red dots) of impedance
in (c) at the resonance (ω = ωR = 1/
√
L(λ+ t)) indicates
the topological nature of the state with endpoint zero modes,
the dip (blue dots) at the resonance in (d) confirms that the
phase is a trivial insulator.
the following form
HrealSSH =
∑
i
[λa†i bi + t˜1a
†
i bi+1 + t˜2b
†
iai+1], (20)
where the annihilation operators ai and bi act on the
orbitals A and B localized at the site i, respectively. The
hopping amplitudes λ and t˜1,2 = (t±t1)/2 are purely real,
see Fig. 4(a) and 4(b). The corresponding momentum
space representation of the SSH model reads as
HmomSSH = [λ+ t cos(k)] τ1 + t1 sin(k) τ2, (21)
where the Pauli matrices {τµ} with µ = 0, · · · , 3 act on
the orbital space. For the range of parameters −1 <
λ/t < 1, the SSH model is in the topological regime and
features a localized zero mode at each end of the sys-
tem. Furthermore, the matrix τ3 anticommutes with the
Hamiltonian HmomSSH and ensures the spectral symmetry.
Consequently, all zero-energy modes are eigenstates of
the matrix τ3, and as such they are completely localized
on either of the two orbitals. By contrast, the system
becomes a trivial insulator when |λ/t| > 1. This model
belongs to class BDI in the ten-fold classification [70].
The form of the Hamiltonian in Eq. (20) in terms of
only real hopping parameters allows a realization of the
SSH model through an electric circuit with two nodes
corresponding to the two orbitals per lattice site. Fur-
thermore, when each node contains two subnodes, it al-
lows access to the parameter regimes λ/t > 0 as well as
λ/t < 0, which is not possible otherwise, see Fig. 2. Con-
crete circuit realizations to access these two parameter
regimes are respectively shown in Figs. 4(c) and 4(d).
Now consider a periodic SSH circuit [see Fig. 4(a)] with
the Hamiltonian matrix, HˆSSH(ω) ≡ Jˆ(ω)/iω, which ac-
cording to Eq. (3), is given by
HˆSSH(ω) =
λ+ t− 1
ω2L
−λ 0 . . .
−λ λ+ t− 1
ω2L
−t 0
0 −t λ+ t− 1
ω2L
−λ
0 0 −λ . . .

.
(22)
It can be seen that this Hamiltonian matrix represents
an SSH Hamiltonian with an overall shift in chemical
potential equal to λ + t − 1ω2L . Therefore, the SSH
circuit is at resonance when the a.c. frequency ω =
ωR = 1/
√
L(λ+ t). We notice that the two zero-energy
modes localized on one particular orbital mix due to a
finite size effect. Because of such an orbital mixing be-
tween the zero-energy modes, the measured impedance
with one orbital (or sublattice) as the input point and
the other one as the output point shows a large orbital
selective on-resonance peak in the topological regime.
This mechanism for the observed large orbital or sub-
lattice selective on-resonance topological impedance is
operative on all the topoelectric circuits we discuss in
this paper. Furthermore, in a finite system zero energy
states also split symmetrically about the zero admittance
eigenvalue. Therefore the impedance between the same
sublattice (or same orbital) at two sites is extremely
small, as can be seen from Eq. (9), which approaches
zero with the increasing system size. On the other hand,
the impedance between two distinct sublattices or or-
bitals at the two ends of the circuit is large, since the
zero admittance state is predominantly localized on only
one of the two orbitals at a given end. These outcomes
are demonstrated through a numerical simulation of the
SSH circuit in the topological and trivial phases, shown
in Fig. 5(a) and 5(b), respectively. One can also see that
the impedance grows with the separation between the
two sites, consistent with the topological mode being lo-
calized at the endpoint of the system.
To further corroborate the topological nature of the
circuit, we measure impedance over a wide range of fre-
quencies between orbital A from site 1 and orbital B of
site 10, located at two opposite ends of the circuit, see
Fig. 5(c). The peak of the impedance at the resonance
frequency (ω = ωR) signals that the system is topolog-
ical when |λ/t| < 1. On the other hand, for |λ/t| > 1,
the dip in the impedance at the resonance frequency is a
7FIG. 6. Chern topoelectric circuit. The red (blue) squares
represent sublattices or nodes A (B) and the lines indicate
the hopping between them. The dashed box corresponds to
the two-sublattice unit cell of the Chern insulator. The green,
orange, red and blue lines denote a hopping amplitude equal
to (t − t0)/2, −(t + t0)/2, m and −t0/2, respectively. The
arrowed lines correspond to a hopping of it/2 in its direction.
Such hopping amplitudes are obtained by supplementing each
node with four subnodes (not shown here explicitly) and con-
necting subnodes from nearest-neighbor nodes by capacitors
of capacitance equal to modulus of the requisite hopping, fol-
lowing the prescription from Fig. 3 and Sec. II B 2. Each subn-
ode is grounded with inductor of inductance L. For the range
of parameters −2t0 < m < 2t0 the system is topological and
thus supports boundary states that in turn yield enhanced
impedance (Z) on the edge of the circuit, see Figs. 7 and 8.
signature of the topologically trivial nature of this phase,
as shown in Fig. 5(d).
B. Chern insulator
We now consider the circuit realization of the two-
dimensional Chern insulator. The corresponding Hamil-
tonian in momentum space is given by
HCI = t [sin(kx) τ3 + sin(ky) τ2]
+ {m− t0 [cos(kx) + cos(ky)]} τ1. (23)
Pauli matrices {τµ} with µ = 0, · · · , 3 act on two or-
bitals in a unit cell. While t and t0 are the inter-unit cell
hopping parameters, m denotes the intra-unit cell hop-
ping. This model breaks the time-reversal symmetry and
belongs to class A in the ten-fold classification [70]. The
system is in the topological regime when −2 < m/t0 < 2,
FIG. 7. Impedance of the Chern circuit of linear dimension
(number of sites) ` = 15 in each direction at resonance when
m = 0.7 and t = t0 = 1 [see Eq. (23)]. The quantity X(p, q) in
each subfigure denotes the location (p, q) of the input point,
which is fixed on the X = B (top) and A (bottom) sublattices.
The output point is then on the A and B sublattices, respec-
tively, which we sweep over the entire system. The sharp peak
of the impedance near the edges of the circuit (irrespective of
the choice of the input point) shows the topological nature of
the Chern insulator.
describing Chern insulator with one-dimensional edge
mode. By contrast, the system describes trivial insu-
lators when |m/t0| > 2. The band gap closing between
the Chern and trivial insulators occurs at m/t0 = ±2.
On the other hand, the transition between two distinct
Chern insulators takes place at m/t0 = 0, also through
a band gap closing. We note that the system possesses
an antiunitary particle-hole symmetry represented by the
operator A = τ3K which anticommutes with the Hamil-
tonian of the system HCI, where K is the complex conju-
gation. Consequently, the zero-energy edge mode of the
Chern insulator is an eigenstate of the antiunitary oper-
ator A. Since the unitary part of A is τ3, the edge modes
reside on either one of two orbitals.
The tight-binding Hamiltonian in Eq. (23), according
to the previously discussed correspondence between the
hopping amplitudes and the circuit elements, is realized
on the circuit consisting of the components shown in
Fig. 6. These elements are then connected so that the
two-dimensional circuit network features a two-node (A
and B) unit cell (the dashed box in Fig. 6). Since the
lattice model HCI involves both real and imaginary hop-
ping elements in the real space, each node possesses four
subnodes. Then the subnodes from the nearest-neighbor
nodes are connected by capacitors with appropriate ca-
pacitance following the general prescription discussed in
Sec. II B 2, see also Fig. 3. All four subnodes of A and
B nodes are grounded with inductor of inductance L,
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FIG. 8. The global phase diagram of HCI as a function of
the parameter m [see Eq. (23)], obtained by computing the
on-resonance impedance (Z), with a fixed input point on the
A node at (1, 1) and for two choices (quoted in the figure) of
the output point on the B nodes, residing on the edges of the
circuit with linear dimension ` = 20 in each direction, when
t = t0 = 1. The magnitude of Z shows that the system is a
Chern insulator with finite Z for −2 < m < 0 and 0 < m < 2,
with a bandgap closing at m = 0, where Z (almost) vanishes.
It also shows the existence of trivial insulators for m > 2 and
m < −2, where as well Z (almost) vanishes.
so that the resonance frequency of the Chern circuit
is ωR = 1/
√
Lm. The numerical computations of the
impedance are performed for t = t0 = 1.
To capture the topological edge modes in a Chern topo-
electric circuit, we choose either A or B node from one
of the four corners of the circuit as the input point and
numerically compute the impedance with B or A node as
the output point. For a fixed input A or B node, we scan
all the B or A nodes in the system to capture the spatial
resolution of the on-resonance impedance. This measure-
ment is then repeated for different corner choices of the
A or B nodes. The results are summarized in Fig. 7.
We find that only when m < 2 the impedance increases
sharply at the edges of the circuit, signaling the appear-
ance of the boundary modes, which is consistent with the
system becoming a Chern insulator. Also when we scan
the impedance over a wide range of frequency, it shows
an on-resonance (ω = ωR) peak only when the system
is in the topological regime. On the other hand, in the
trivial phases the on-resonance impedance shows a dip.
These features are qualitatively similar to the ones we
previously reported for the SSH chain, see Figs. 5(c) and
5(d). Hence, we do not display these results in the paper.
Finally, we construct the global phase diagram of
the model HCI from the scaling of the on-resonance
impedance (Z) as a function of m, see Fig. 8. While
in the Chern insulator phases Z is finite, it (almost) van-
ishes in the trivial insulating phases. Finally, at the tran-
sition point between two Chern insulators (m = 0) the
impedance Z (almost) vanishes. Therefore, measurement
of the on-resonance impedance in topoelectric circuit can
be instrumental not only to identify gapless topological
modes but also to construct the global phase diagram
of various topological models, and the topological phase
transitions therein.
C. Quantum spin Hall insulator (QSHI)
Next we focus on the lattice model of QSHI and demon-
strate its realization on topoelectric circuits. The corre-
sponding tight-binding model takes the following form in
the momentum space
HQSHI = t [sin(kx) Γ1 + sin(ky) Γ2]
+ {m− t0 [cos(kx) + cos(ky)]} Γ3, (24)
where Γ are mutually anticommuting four-component
Hermitian matrices. When the Γ matrices belong to the
representation
Γ1 = σ3 ⊗ τ1, Γ2 = σ0 ⊗ τ2,Γ3 = σ0 ⊗ τ3,
Γ4 = σ1 ⊗ τ1, Γ5 = σ2 ⊗ τ1, (25)
one can identify two sets of Pauli matrices {σµ} and
{τµ} operating on the spin (↑ and ↓) and sublattice
or orbital (A and B) indices, respectively, with µ =
0, · · · , 3. The above model is in the topological regime
for |m/t0| < 2, where it describes a QSHI supporting
counter-propagating one-dimensional edge modes for op-
posite spin projections. However, topology of the above
quadratic Hamiltonian is insensitive to the representa-
tion of the Γ matrices. We judiciously commit to the
following representation
Γ1 = σ1 ⊗ τ2, Γ2 = σ2 ⊗ τ0, Γ3 = σ1 ⊗ τ1,
Γ4 = σ1 ⊗ τ3, Γ5 = σ3 ⊗ τ0, (26)
such that in the real space all the hopping elements asso-
ciated withHQSHI are completely real. This is so, because
in this representation purely imaginary (real) Γ matrices
multiply the sine (cosine and real constant) functions. In
the following sections, we will subscribe to such repre-
sentation whenever possible. In this representation, two
sets of Pauli matrices {σµ} and {τµ} respectively operate
on the orbitals or sublattices (C,D) and (A,B). Also note
that HQSHI anticommutes with the unitary operator Γ5,
which in turn generates the spectral or particle-hole sym-
metry of the system. Consequently, the one-dimensional
edge modes at zero energy are eigenstates of Γ5, and re-
side either on (A,B) or (C,D) sublattices.
By virtue of committing to such representation of the
Γ matrices, we can engineer HQSHI in an electric cir-
cuit by supplementing each sublattice or node by two
subnodes (consult Sec. II B 1 and see Fig. 2). A con-
crete circuit realization of HQSHI is shown in Fig. 9(a).
By numerically computing the on-resonance (ω = ωR =
1/
√
Lm) impedance, we confirm that only in the topo-
logical regime impedance is sharply peaked around the
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FIG. 9. Quantum spin Hall effect in a topoelectric circuit. (a) The circuit realization of the quantum spin Hall insulator (QSHI)
model [see Eq. (24)], when t = t0. The capacitances of the black, blue and red capacitors are t/2, t and m, respectively. Big
dots are the subnodes of a given node (color coded), representing the orbitals A, B, C, and D of the lattice model. The small
black dots denote the connection between two lines. All the subnodes are connected to the ground via an inductor of inductance
L (not shown explicitly). The dashed box encircles four nodes or orbitals, constituting the unit cell of the corresponding lattice
model. (b) Spatial distribution of the on-resonance impedance (Z) on the entire circuit for t = t0 = m = 1, with the B node
at (1, 1) as the fixed input point. The output point scans the entire system on four individual sublattices or nodes separately
(mentioned in the figures). (c) Same as (b), but with the C node at (1, 15) as the input point. The sublattice (or equivalently
spin) selective sharp localization of impedance at the edges of the circuit manifests QSHI in the topoelectric circuit.
edges of the circuit. Furthermore, by performing node
or sublattice resolved computation of the on-resonance
impedance, we find that the edge mode is either local-
ized on the sublattices (C,D) [see Fig. 9(b)] or (A,B) [see
Fig. 9(c)]. Later we will show (in Sec. V A) how one can
break the discrete four-fold (C4) rotational symmetry of
this circuit to realize a higher-order topological (HOT)
insulator, supporting corner impedance. Prior to that
we first discuss some standard models for HOT phases
in two and three dimensions, and their realizations in
topoelectric circuits.
IV. HIGHER-ORDER TOPOELECTRIC
CIRCUITS
Recently, notion of the bulk-boundary correspondence
has been generalized to include low-dimensional topolog-
ical modes that reside on boundaries with integer co-
dimension dc > 1, giving rise to the notion of higher-
order topological (HOT) phases [77–92] [68]. The well
studied examples of the low-dimensional boundary modes
are the corner (with dc = d) and hinge (with dc = d− 1)
modes. Namely, an nth order topological phase supports
boundary modes of co-dimension dc = n. So far, we
discussed first-order topological insulators and their re-
alizations on topoelectric circuits. Next we present re-
alizations of HOT insulators on topoelectric circuits. In
Sec. VI D, we will discuss a circuit realization of a HOT
semimetal.
A. Two-dimensional HOT insulator
We start by considering the example of two-
dimensional Benalcazar-Bernevig-Hughes (BBH)
model [77], a second order topological insulator fea-
turing four corner modes with dc = 2. The model is
defined on a square lattice with four sublattices (A, B,
C, and D) per unit cell. The lattice Hamiltonian reads
as H2DBBH = hx + hy, where
hx = [λ+ t cos(kx)] Γ1 + t sin(kx) Γ2,
hy = [λ+ t cos(ky)] Γ3 + t sin(ky) Γ4. (27)
The mutually anticommuting Γ matrices ({Γi,Γj} =
2δij) acting on the sublattice space can be chosen as
Γ1 = σ1 ⊗ τ1, Γ2 = σ1 ⊗ τ2, Γ3 = σ1 ⊗ τ3,
Γ4 = σ2 ⊗ τ0, Γ5 = σ3 ⊗ τ0. (28)
Namely, the sets of Pauli matrices {τµ} and {σµ} respec-
tively operate on the sublattice space spanned by (A,B)
and (C,D), with µ = 0, · · · , 3. Notice that hx (hy) as-
sumes the form of the SSH model along the x (y) direc-
tion [see Sec. III A]. Therefore, hx and hy individually
support a string of zero-energy end modes along the y
and x directions, respectively, when |λ/t| < 1. However,
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FIG. 10. Higher-order topological insulator in a topoelectric circuit. (a) A schematic representation of the BBH Hamiltonian.
The (real) hopping parameters are λ and t. This model can feature HOTI state that supports four corner localized zero energy
modes. (b) Circuit realization of the BBH model. Each node (color coded) contains two subnodes, and all the subnodes
are connected to the ground via an inductor of inductance L (not shown explicitly). The capacitances of the black and red
capacitors are respectively λ and t. The negative hopping amplitudes are implemented via one-shift couplings discussed in
Sec. II, and are denoted by the crossed lines. The dashed boxes in (a) and (b) denote the unit cell of the BBH model. (c)
Spatial distribution of the on-resonance impedance (Z) for capacitances t = 1 and λ = 0.4 (ensuring the topological regime of
the BBH model), with the A node at (1, 1) as the fixed input point. The output point scans the entire system on individual
sublattices separately (mentioned in the figures). (d) Same as (c), but with the C node at (1, 15) as the fixed input point.
Node selective corner localization of impedance shows the circuit realization of a 2D HOTI and the sublattice symmetry of the
corner modes.
{hx, hy} = 0, i.e., hx acts as a mass for the end modes
of hy and vice-versa. Consequently, only the four corner
modes survive in the spectra of H2DBBH and we realize a
two-dimensional second-order topological insulator.
This specific representation of the Γ matrices is con-
venient for our purposes as it features three real and
two imaginary Γ matrices. It allows to construct the
BBH model with all the hopping elements being real [see
Fig. 10(a)] and therefore the nodes (representing sublat-
tices) with only two subnodes are sufficient to be imple-
mented in the circuit realization of the BBH model, as
shown in Fig. 10(b). Each subnode is grounded by an in-
ductor of inductance L. Consequently, the resonance fre-
quency of the circuit is ωR = 1/
√
L(λ+ t). Furthermore,
note that the matrix Γ5 = σ3⊗τ0 anticommutes with the
Hamiltonian H2DBBH. Hence, the spectrum is particle-hole
symmetric and the zero-energy corner modes are eigen-
states of Γ5. Therefore, the topological corner modes are
localized either on the sublattices A and B or on the sub-
lattices C and D, as we also explicitly demonstrate from
the concrete circuit realization of the BBH model.
The spatial distributions of the impedance are shown
in Figs. 10(c) and 10(d) on a circuit with ` = 15 sites
in each direction. In the topological regime (|λ/t| < 1)
of the BBH model, we first fix the input point at (1,1)
and on node A. The spatial variation of the on-resonance
impedance on four individual nodes over the entire sys-
tem then shows sharp corner localization on the C and
D nodes, see Fig. 10(c). We arrive at similar conclusions
by choosing the B node at (1,1) as the input point (re-
sults are not shown here explicitly). On the other hand,
when the input point is fixed on the C node located at
(1,15), the corner localized peaks of impedance appear on
nodes A and B, see Fig. 10(d). Similar conclusions are
found with the D node at (1,15) as the input point, for
which the results are not displayed here. These features
of the node (or sublattice) and site resolved impedance
confirm the realization of a 2D HOT insulator on topo-
electric circuit and the sublattice or node selection of the
corresponding corner impedance.
B. Three-dimensional HOT insulator
Similar to the two-dimensional HOTI, one can con-
struct a BBH Hamiltonian for its three-dimensional coun-
terpart [77], yielding a thrid-order topological insulator
that supports eight corner modes with dc = 3. Each
unit cell then contains eight sublattices (A, · · · , H),
see Fig. 11, and in the Fourier space the corresponding
Hamiltonian reads as
H3DBBH = hx + hy + hz, (29)
where
hx = [λ+ t cos(kx)] Γ1 + t sin(kx) Γ2,
hy = [λ+ t cos(ky)] Γ3 + t sin(ky) Γ4, (30)
hz = [λ+ t cos(kz)] Γ5 + t sin(kz) Γ6.
Here Γ are mutually anticommuting eight-dimensional
Hermitian matrices that satisfy the Clifford algebra
{Γi,Γj} = 2δij . Even though topology of H3DBBH is in-
sensitive to the representation of the Γ matrices, for the
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FIG. 11. Circuit realization of a three-dimensional (3D) higher-order topological insulator (HOTI). (a) A unit cell (the shaded
cube) in the lattice construction of 3D HOTI [see Eq. (29)]. The black (blue) lines represent intra-unit cell (inter-unit cell)
hopping with absolute value λ (t). The solid lines represent positive hopping amplitudes and the dashed lines represent negative
ones. The system is topological when |λ/t| < 1. (b) A unit cell in the circuit construction of 3D HOTI, where each node (or
sublattice) contains only two subnodes. The red capacitors have capacitance equal to λ and the blue capacitors have capacitance
equal to t. The negative hopping amplitudes [see (a)] are realized through one-shift capacitor coupling between the subnodes
from the neareast-neighbor nodes (see Sec. II B 1 and Fig. 2). (c) On-resonance impedances of the 3D HOTI circuit of linear
dimension (number of sites) ` = 15 in each direction for λ = 0.4 and t = 1. Throughout the input point is fixed at (1, 1, 1) and
on the node A. The output point scans all eight nodes (or sublattices) over the entire system, as labeled in the caption. One
can see a sublattice selection of the sharp corner localized impedance, which confirms realization of 3D HOTI on topoelectric
circuit. We rotate the cubes for E, G, and H nodes (or sublattices) for the best visualization of sharp corner impedance.
sake of convenience (about which more in a moment), we
choose
Γ1 = Σ1 ⊗ σ1 ⊗ τ1, Γ2 = Σ1 ⊗ σ1 ⊗ τ2,
Γ3 = Σ1 ⊗ σ1 ⊗ τ3, Γ4 = Σ1 ⊗ σ2 ⊗ τ0,
Γ5 = Σ1 ⊗ σ3 ⊗ τ0, Γ6 = Σ2 ⊗ σ0 ⊗ τ0, (31)
where {Σµ},{σµ} and {τµ} are three independent sets of
Pauli matrices. Since the maximal number of mutually
anticommuting eight-dimensional Hermitian matrices is
seven, we can always find an Hermitian matrix, namely
Γ7, that satisfies {Γ7,Γj} = 2δ7j for j = 1, · · · , 7, and
therefore anticommutes with H3DBBH. The Γ7 matrix gen-
erates a unitary particle-hole symmetry of H3DBBH, and in
the announced representation Γ7 = Σ3 ⊗ σ0 ⊗ τ0.
The above model is in the topological regime for
|λ/t| < 1 for which it supports eight corner localized zero
energy modes. This is so because all three components
of H3DBBH, namely hx, hy and hz assume the form of the
one-dimensional SSH model. Consequently, hx supports
a collection of end-point zero-energy modes, localized on
the yz planes, and similarly hy on the zx planes and
hz on the xy planes. However, these three components
of H3DBBH mutually anticommute with each other. Con-
sequently, only the zero modes at eight corners survive,
where xy, yz and zx planes meet, yielding the corner
modes. Due to the particle-hole or spectral symmetry of
H3DBBH, the corner modes are eigenstates of Γ7. With the
above specific choices of the Γ matrices, the zero-energy
corner states are therefore localized on either the sublat-
tices (A,B,C,D) or (E,F,G,H).
By virtue of the above representation of the Γ matrices,
all the hopping elements associated withH3DBBH are purely
real, see Fig. 11(a). Hence, this model can be imple-
mented on a topoelectric circuit by supplementing each
node with only two subnodes, as shown in Fig. 11(b).
Each subnode is grounded by an inductor of inductance
L, and therefore the resonance frequency of the circuit is
ωR = 1/
√
L(λ+ t). The numerical computation of the
on-resonance (ω = ωR) impedance then shows that in
the topological regime (realized on the circuit for t = 1
and λ = 0.4) it is highly localized at the corners of the
cubic circuit, see Fig. 11(c). Moreover, when we fix the
input point for the measurement of impedance on the A
node at (1,1,1), the sharp corner localized impedance is
realized on the E, G and H nodes, confirming its node
(or sublattice) selection, stemming from the particle-
hole symmetry of H3DBBH. Experimental realization of
three-dimensional BBH model in the topoelectric plat-
form has been recently reported in Ref. [59], where an
enhanced impedance was detected at the corners, but no
sublattice-selective measurement was carried out. Our
discussion should therefore motivate future experiments
to search for the predicted sublattice selection rule of
corner impedance.
V. DISCRETE SYMMETRY BREAKING AND
ANTIUNITARY SYMMETRY
So far we have shown realizations of various topologi-
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FIG. 12. Discrete symmetry breaking in topoelectric circuit and realization of 2D HOTI from QSHI. (a) Circuit realization of
H∆ [see Eq. (32)] that breaks four-fold (C4) rotational symmetry of the QSHI circuit, shown in Fig. 9(a). All the capacitors
have capacitance ∆, and all the subnodes are grounded via inductors of inductance L. (b) Numerical computation of on-
resonance impedance with the B node at (1,1) as the input point for t = t0 = m = 1 and ∆ = 0.5. The output point scans the
entire system and all four individual nodes (or sublattices) separately. (c) Same as (b), but with the C node at (1,15) as the
input point. Results show node or sublattice selective sharp corner localization of the on-resonance impedance due to the C4
symmetry breaking by a circuit analog of the Wilson-Dirac mass H∆, ultimately yielding a 2D HOTI phase.
cal phases in one-, two-, and three-dimensional topoelec-
tric circuits. In this section, by focusing on the specific
example of two-dimensional QSHI, we first demonstrate
how one can introduce a discrete four-fold (C4) symme-
try breaking Wilson-Dirac mass on a circuit to convert
the QSHI into a 2D HOTI, supporting corner localized
impedance. Subsequently, we also show how one can
exploit an underlying antiunitary spectral symmetry to
generalize the HOTI model [93, 94] in a circuit.
A. Discrete symmetry breaking: QSHI to HOTI
Recall that a QSHI supports two counter-propagating
edge modes for opposite spin projections. If we now add
a term, namely
H∆ = ∆ [cos(kx)− cos(ky)] Γ4, (32)
to the Hamiltonian for the QSHI HQSHI [see Eq. (24)], it
gaps out the edge modes, since {HQSHI, H∆} = 0. Here
the Γ matrices follow the representation from Eq. (26).
However, notice that H∆ changes sign under the C4 ro-
tation, and as such breaks the four-fold rotational sym-
metry of HQSHI. Therefore, H∆ acts as a mass for one-
dimensional edge modes of HQSHI, with the profile of a
domain wall mass that changes sign across each corner
of the system. Consequently, the edge modes are only
partially gapped, and according to generalized Jackiw-
Rebbi mechanism give rise to four sharply corner local-
ized modes [86, 95]. We then realize a 2D HOTI by lift-
ing the C4 symmetry of the system via the Wilson-Dirac
mass H∆.
We now show how to break such discrete rotational
symmetry in topoelectric circuit and implement H∆ to
realize HOTI from QSHI. Notice that Γ4 is a real Her-
mitian matrix [see Eq. (26)]. Therefore, hopping matrix
elements associated with H∆ in the real space are com-
pletely real. We can then introduce H∆ in a circuit con-
sisting of nodes that are accompanied by only two subn-
odes, as shown in Fig. 12(a). Note that the total Hamil-
tonian HQSHI + H∆ anticommutes with Γ5 = σ3 ⊗ τ0.
Consequently, the on-resonance (ω = ωR = 1/
√
Lm)
impedance shows a node or sublattice selective sharp cor-
ner localization, displayed in Figs. 12(b) and 12(c), con-
firming the realization of C4 symmetry breaking HOTI
in a topoelectric circuit.
Note that here we present an alternative realization of
HOTI in two dimensions, in comparison to the previous
one from the BBH model in Sec. IV A. However, these
two seemingly distinct realizations of 2D HOTI are equiv-
alent [93]. The main purpose of the present discussion
is to highlight a concrete path to explore the hierarchy
of orders for topological states (such as first and second
in this case) in topoelectric circuits. Next we discuss a
further generalization of 2D HOTI by using its antiuni-
tary spectral or particle-hole symmetry in a topoelectric
circuit.
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FIG. 13. Circuit realization of an antiunitary symmetry protected generalized higher-order topological insulator (GHOTI). (a)
Circuit realization of Hp [see Eq. (34)] in a unit-cell of GHOTI, where each node (equivalent of sublattice) is now accompanied
by four subnodes. Each subnode is grounded by an inductor of inductance L. The purple (orange) capacitors have capacitance
equal to ∆1 + ∆2 (|∆1 − ∆2|). On-resonance computation of impedance with the B node at (1,1) as the input point for
t = t0 = m = 2∆ = 1, and (b) (∆1,∆2) = (0.2, 0.0), (c) (∆1,∆2) = (0.0, 0.3) and (d) (∆1,∆2) = (3.0, 3.0). The output point
scans four nodes separately over the entire system. Node (or sublattice) selective sharp corner localization of the on-resonance
impedance confirms topoelectric circuit realization of GHOTI for small ∆1 or ∆2, and arbitrarily large ∆1 = ∆2.
B. Antiunitary symmetry protected HOTI in 2D
So far we discussed a plethora of topological phases in
different spatial dimensions, in which robust zero-energy
boundary modes are protected by the spectral or particle-
hole symmetry, typically generated by unitary operators.
A much less explored situation is when the zero-energy
modes are protected by antiunitary operator. We have
already encountered one such example, the edge mode
of the Chern insulator in Sec. III B, that is protected by
antiunitary spectral symmetry (besides the bulk topo-
logical invariant). The notion of the antiunitary spectral
symmetry is also germane for 2D HOTI and its corner
modes, which we discuss next.
Recall first that the model Hamiltonian for 2D HOTI,
namely H ′QSHI = HQSHI + H∆ [see Eqs. (24) and (32)]
possesses unitary particle-hole symmetry generated by
Γ5. This model also enjoys an antiunitary particle-hole
symmetry generated by A = Γ5K, as {HQSHI +H∆, A} =
0. Here K is the complex conjugation, and by virtue
of the Γ matrix representation in Eq. (26), the unitary
component of A is identical to the unitary particle-hole
symmetry generator (Γ5).
The model Hamiltonian for 2D generalized higher-
order topological insulator (GHOTI) reads [93]
HGHOTI = HQSHI +H∆ +Hp, (33)
where
Hp = ∆1 (iΓ1Γ2) + ∆2 (iΓ3Γ4) , (34)
with ∆1 and ∆2 as real parameters. Notice that
{HGHOTI, A} = 0. Hence, HGHOTI enjoys antiunitary
particle-hole symmetry, but looses the particle-hole sym-
metry with respect to the unitary operator Γ5. The
global phase diagram of this model has already been ana-
lyzed in Ref. [93], which we do not discuss here in details.
In brief, HGHOTI supports four corner localized zero-
energy modes for (1) small ∆1 or ∆2, and (2) arbitrarily
large ∆1 = ∆2. Next we implement HGHOTI on topoelec-
tric circuit and test the validity of these predictions from
the numerical measurement of the on-resonance corner
impedance.
First note that we cannot find any representation of
the Γ matrices in which all the onsite and hoppoing ele-
ments of HGHOTI are real. So we stick to the old repre-
sentation of the Γ matrices [see Eq. (26)], and first sup-
plement each node associated with the circuit realization
of HQSHI + H∆ by four subnodes. Such a doubling of
HOTI circuit does not alter any outcome we discussed
so far. Nevertheless, when each node (or sublattice) con-
tains four subnodes one can implement Hp in a topoelec-
tric circuit following the design shown in Fig. 13(a).
As the corner modes of GHOTI are protected by
A = Γ5K, with Γ5 = σ3 ⊗ τ0, their sublattice selection
for finite ∆1 and/or ∆2 remains unchanged. From the
measurement of the on-resonance impedance with the B
node at (1,1) as the fixed input point, we find the follow-
ing. Node (or sublattice) selective sharp corner localiza-
tion of impedance does not change for (1) small ∆1 [see
Fig. 13(b)], (2) small ∆2 [see Fig. 13(c)], and (3) large
∆1 = ∆2 [see Fig. 13(d)]. These findings are in agree-
ment with Ref. [93], and we find a circuit realization of
GHOTI for which the corner impedance is protected by
an antiunitary operator. When ∆1 = ∆2, the system
always remains in the GHOTI phase, while for large ∆1
or ∆2 it undergoes a transition into a trivial phase, with-
out any corner modes. In this regime the on-resonance
impedance does not show any corner localization, which
we do not display here.
We point out that the same generalization is also ap-
plicable for the 2D BBH model for HOTI, discussed
in Sec. IV A. Furthermore the 3D BBH model from
Sec. IV B also possesses an antiunitary spectral symme-
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FIG. 14. Realization of two- and three-dimensional topological semimetals from stacked one-dimensional (1D) Su-Schrieffer-
Heeger (SSH) chains, see also Fig. 4(c), in topoelectric circuits. (a) Stacking of 1D SSH circuit along the y-direction by
capacitors of capacitance t2 in a translationally invariant fashion that produces two-dimensional (2D) Dirac semimetal (DSM)
for suitable choices of λ, t and t2 (see text). For the clarity of presentation we shift the location of the sublattices or nodes
in the middle SSH circuit with respect to the first and the third one. Extending such stacking construction in the z-direction
one produces three-dimensional (3D) nodal-line semimetal (NLSM), which we do not show here explicitly. (b) Numerically
computed on-resonance impedance (Z) with the A (top) and B (bottom) nodes at (1,1) and (15,1), respectively, as the input
point for t = 1, λ = 0.2 and t2 = 3.0 [see Eq. (36)]. The impedance is then computed with both nodes or orbitals as the output
point (mentioned explicitly in each subfigure), which we scan over the entire system. The edge localized impedance only along
the y direction captures the fingerprint of the Fermi arc associated with a 2D DSM. (c) Numerically computed impedance for
a 3D NLSM with the A node at (1,1,1) as the fixed input point for t = 1, λ = 1 and t2 = 1 [see Eq. (37)]. The output point
is chosen to be on the A (left) and B (right) nodes, which we scan over the entire systems. The top and bottom yz surface
localized impedance captures the signature of the drumhead surface states in the real space of a topoelectric circuit.
try, generated by the eight-dimensional operator Γ7K,
with Γ7 = Σ3⊗σ0⊗ τ0. In the future, it will be interest-
ing to find a generalized model for 3D HOTI.
VI. TOPOELECTRIC NODAL SEMIMETALS
So far we discussed realizations of first-, second- and
third-order topological insulators on topoelectric circuits
and their identification from the boundary localized on-
resonance impedance. On the other hand, there exists
a whole family of topological phases of matter, known
as topological semimetals, where the bulk quasiparticle
spectra are gapless, but the bulk-bounadary correspon-
dence remains operative therein [8–11]. Typically, topo-
logical semimetals are constructed by stacking lower-
dimensional topological insulators, while preserving the
translational symmetry in the stacking direction, which
is the approach we use to construct their topoelectric re-
alizations. In this section, we show that some prominent
nodal topological phases can be realized in topoelectric
circuits and identify them from the boundary localized
on-resonance impedance.
A. Stacked SSH chain: 2D Dirac and 3D nodal-line
semimetals
In contrast to Weyl and Dirac semimetals where the
valence and conduction bands touch at isolated points, in
nodal-line semimetals (NLSMs) the band touching takes
place along a closed curve in momentum space [96–103].
In this section, we first construct a two-dimensional (2D)
Dirac semimetal (DSM) by stacking a collection of one-
dimensional (1D) SSH chains in the y-direction in a trans-
lationally invariant fashion, such that the symmetry class
of the system, namely BDI, remains unchanged. The cor-
responding Hamiltonian in the momentum space takes
the form
H2DDSM = [λ+ t cos(kx) + t2 cos(ky)] τ1 + t sin(kx)τ2,
(35)
where t2 denotes the strength of the inter-SSH chain hop-
ping along the y direction. Depending on the relative
strength of various hopping parameters (λ, t and t2), the
system supports a 2D DSM, topological and trivial in-
sulators. Specifically for λ/t > 0, the Dirac points are
located at k = (pi,±k?y), where
k?y = pi − cos−1
(
t
t2
[
1 +
λ
t
])
. (36)
As one can see, depending on the values of t, λ and t2,
Eq. (36) has a real solution for k?y , which then describes a
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(a) (b)
FIG. 15. Numerical computation of the on-resonance
impedance (Z) in a 3D Weyl topoelectric circuit with the A
(left) and B (right) nodes at (1,1,5) as the fixed input point
for t = t0 = 1, m = 2 and tz = 2.5 [see Eq. (38)]. Respec-
tively, the output point is fixed on the B (left) and A (right)
nodes, which we sweep over the entire system. The strong
localization of the on-resonance impedance on the xz and yz
planes captures the signature of the Fermi arc surface states.
2D DSM. Otherwise, the system is an insulator. Further-
more, each of the 1D SSH topological insulators stacked
between two Dirac nodes supports endpoint zero modes.
The collection of these zero modes ultimately constitutes
Fermi arc states connecting two Dirac points in the mo-
mentum space. On the other hand, in the real space the
Fermi arc states are localized along only two edges in the
y direction. This scenario is supported from the numeri-
cal computation of the on-resonance impedance in a 2D
circuit constructed by stacking 1D SSH circuit in the y
direction.
Since the hopping parameter in the y direction is
completely real, one can construct the circuit corre-
sponding to Eq. (36) by coupling 1D SSH circuits,
shown in Fig. 4(c), by capacitors of capacitance t2
in the y-direction between nodes A and B, as shown
in Fig. 14(a). Next we numerically compute the on-
resonance impedance with either an A or B node of the
circuit as an input point, and scanning all the sites as
the output point. Results are shown in Fig. 14(b), dis-
playing a sharp y-edge localization of the on-resonance
impedance, which in turn captures the existence of Fermi
arcs states and a 2D DSM in a topoelectric circuit.
Next we continue with the stacking protocol and ex-
tend it along the z direction. For the sake of simplicity
we consider the inter-layer hopping amplitude along the
z direction to be t2 as well. Then the corresponding
Hamiltonian in the momentum space reads as
H3DNLSM =
λ+ t cos(kx) + t2 ∑
j=y,z
cos(kj)
 τ1
+ t sin(kx)τ2. (37)
This model supports a NLSM, in which the valence a
conduction band touch each other over a closed curve in
the kx = pi plane when t = 1, λ = 2 and t2 = 1, for
example. The implicit form of the closed curve in the
kx = pi plane is then given by cos(k
?
y) + cos(k
?
z) = 1.
A NLSM is therefore constructed by stacking 1D SSH
topological insulator in the y and z direction within the
perimeter of the closed curved mentioned above. A col-
lection of endpoint zero modes associated with the SSH
insulator within the perimeter of such closed curve ul-
timately constitutes the drumhead surface states on the
(ky, kz) planes, which are the surface projections of the
bulk nodal loop. On the other hand, in the real space
the surface zero-energy modes are localized on the entire
yz plane.
A circuit realization of NLSM can be engineered by
extending the construction from Fig. 14(a) in the z di-
rection, along which the hopping elements are also real.
Therefore, inter-layer hopping in the z direction is ac-
complished by capacitor connections with capacitance t2.
The explicit circuit construction for NLSM is, however,
not shown here. The numerical computation of the on-
resonance impedance clearly displays a strong surface lo-
calization on the top and bottom yz planes, capturing the
imprint of the drumhead surface states associated with
a NLSM in a three-dimensional topoelectric circuit, as
shown in Fig. 14(c).
B. Stacked Chern insulator: 3D Weyl semimetal
Next we construct a 3D Weyl semimetal (WSM) by
stacking 2D Chern insulators in the z-direction in a trans-
lationally invariant fashion. The resulting Hamiltonian
in the momentum space then reads as
H3DWSM = t [sin(kx) τ3 + sin(ky) τ2]tz cos(kz) +m− t0 ∑
j=x,y
cos(kj)
 , (38)
where tz denotes the interlayer hopping amplitude in the
z direction. The global phase diagram of this model has
been reported in Refs. [104, 105], which we do not discuss
here in details. Conveniently, we set t = t0 = 1, m = 2
and tz = 2.5 for the rest of the discussion. For this
set of parameters the system supports a WSM, with two
Weyl nodes located at k? = (0, 0,± cos−1(4/5)). The
two Weyl nodes represent the bandgap closing points for
the collection of Chern insulators stacked in the direction
connecting them, and the zero-energy states associated
with each Chern insulator layer ultimately constitute the
Fermi arc surface states. In the surface Brillouin zone
on the (kj , kz) plane the Fermi arc connects two Weyl
points at k?z = ± cos−1(4/5) and placed along the kj = 0
line, where j = x or y [11, 106, 107]. In the real space,
the Fermi arc occupies the xz and yz planes. Next we
demonstrate these features in a circuit realization of the
WSM.
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FIG. 16. Numerical computation of the on-resonance
impedance (Z) in a 3D Dirac topoelectric circuit with the
B node at (1,1,5) as the fixed input point for t = t0 = 1,
m = 2 and tz = 2 [see Eq. (39)]. The output point is then
selected on four nodes or sublattices separately (mentioned
explicitly in each subfigure), which we sweep over the entire
system. The sublattice selective strong localization of the on-
resonance impedance on the C and D sublattices, residing on
the xz and yz planes signifies the Fermi arc surface states of
a 3D DSM in a topoelectric circuit.
The circuit construction of the WSM follows the spirit
of stacked SSH chain, shown in Fig. 14(a). To engineer
a WSM we couple layers of Chern circuits, schematically
shown in Fig. 6, by capacitor connections with capaci-
tance tz. The construction of the Weyl topoelectric cir-
cuit is not shown here explicitly. The numerical compu-
tation of the on-resonance impedance (Z) shows a strong
localization on the xz and yz surfaces, see Fig. 15. Se-
lective surface localization therefore bears the signature
of the Fermi arc surface states, in turn confirming the
realization of a 3D WSM in a topoelectric circuit.
C. Stacked QSHI: 3D Dirac semimetal
Following the spirit of constructing a 3D WSM from
the last section, one can also realize a 3D DSM by stack-
ing two-dimensional layers of quantum spin Hall insula-
tors (QSHIs) in the z direction in a translationally in-
variant manner. The corresponding Hamiltonian in the
momentum space then takes the form
H3DDSM = t [sin(kx) Γ1 + sin(ky) Γ2]
+
tz cos(kz) +m− t0 ∑
j=x,y
cos(kj)
Γ3. (39)
The Γ matrices follow the representation from Eq. (26),
and tz denotes the hopping between the nearest-neighbor
layers of 2D QSHI in the z direction. For t = t0 = 1,
m = 2 and tz = 2, the system supports a pair of Dirac
points separated along the kz direction and located at
k? = (0, 0± pi/2). The resulting Fermi arc surface states
in a 3D DSM possess two-fold Kramers degeneracy and
connect the Dirac points in the momentum space, similar
to the Fermi arc state in a 3D WSM. As {H3DDSM,Γ5} = 0
and Γ5 = σ3 ⊗ τ0, the Fermi arc states are sublattice
polarized. Specifically, they are localized either on the
A and B sublattices or on the C and and D sublattices,
similar to the edge modes of the underlying 2D QSHI
layers, shown in Fig. 9.
A circuit realization of 3D DSM is similar to the other
cases we discussed so far. Specifically, in a Dirac topo-
electric circuit the layers of 2D QSHI are connected by
the capacitors with capacitance tz. Numerical computa-
tion of the on-resonance impedance then reveals sublat-
tice polarization and strong surface localization on the
xz and yz planes, see Fig. 16. These observations con-
firm the existence of the Fermi arc surface states in a 3D
Dirac topoelectric circuit.
D. Stacked 2D HOTI: 3D quadrupolar Dirac
semimetal
Finally, we discuss the topoelectric circuit realization
of a 3D second-order or quadrupolar DSM [84, 86]. In an
electronic system, a 3D quadrupolar DSM is obtained by
stacking 2D HOTIs with corner modes in the z direction,
for example, while preserving the translational symme-
try. The corresponding Hamiltonian in the momentum
space assumes the following form
H3DHOTDSM = H
3D
DSM + ∆ [cos(kx)− cos(ky)] Γ4, (40)
where H3DDSM is defined in Eq. (39) and Γ4 = σ1 ⊗ τ3
[see Eq. (26)]. Note that the second term in the above
equation, proportional to ∆, causes dimensional reduc-
tion of the edge modes associated with each layer of
QSHI, yielding four corner modes (see Sec. V A). The un-
derlying insulating layers then correspond to 2D HOTI.
Stacking of such layers of 2D HOTIs produces a pair of
higher-order Dirac nodes located at k? = (0, 0,±pi/2) for
t = t0 = 1, m = tz = 2 and arbitrary value of ∆. The
corner states connecting these two Dirac nodes produce
one-dimensional hinge modes.
A circuit realization of this model follows the general
stacking protocol we discussed so far. Specifically, we
couple 2D layers of HOTI circuits, obtained by comb-
ing the components shown in Figs. 9(a) and 12(a), by
capacitor connections of capacitance tz. The numerical
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FIG. 17. Numerical computation of the on-resonance
impedance (Z) in a 3D second-order Dirac topoelectric cir-
cuit with the A node at (1,1,5) as the fixed input point for
t = t0 = 1, m = tz = 2 and ∆ = 0.8, see Eqs. (40) and
(39). The output point is then chosen on four individual
nodes or sublattices separately (mentioned in each subfig-
ure), which we scan over the whole system. The on-resonance
impedance shows sublattice selective sharp hinge localiza-
tion, which in turn confirms realization of a 3D higher-order
(namely, second-order) DSM in a topoelectric circuit.
measurement of the on-resonance impedance then shows
sublattice selective sharp hinge localization for the above
mentioned parameter values, which we display in Fig. 17
for a specific choice of ∆ = 0.8. These results demon-
strate the existence of 1D hinge modes in a second-order
Dirac topoelectric circuit.
VII. SUMMARY AND DISCUSSION
To summarize, here we present an alternative deriva-
tion of the construction of an arbitrary hopping ele-
ment, stemming from an underlying lattice tight-binding
model, in LC electric circuits, where the electrical nodes
play the role of lattice sites. Subsequently, we apply
this general protocol to engineer a plethora of topo-
logical lattice models in topoelectric circuits. In par-
ticular, we identity first-order SSH model (Sec. III A),
Chern (Sec. III B) and quantum spin Hall (Sec. III C)
insulators from the highly endpoint and edge localized
on-resonance impedance (Z) respectively in d = 1 and
d = 2. We also propose simple circuit realizations of two-
and three-dimensional higher-order topological insulators
(Secs. IV A and IV B), supporting corner localized and
sublattice polarized on-resonance impedance. In addi-
tion, we also demonstrate a concrete route to break dis-
crete rotational symmetry and implement Wilson-Dirac
mass in topoelectric circuits (Sec. V A). Such a construc-
tion allows us to convert a two-dimensional first-order
quantum spin Hall insulator (with edge modes) into a
higher-order topological insulator (with corner modes).
Finally, we construct a generalized second-order topolog-
ical insulator for which the corner impedance is protected
by an antiunitary operator (Sec. V B).
The simplicity of our circuit constructions is based on
the representation theory of the Clifford algebra. In par-
ticular, throughout we exploit the fact that the Clifford
algebra of 2N -dimensional Hermitian matrices is closed
by (2N + 1) mutually anticommuting Hermitian matri-
ces, among which N + 1 (N) are purely real (imagi-
nary) [108, 109]. As the existence of topological bound-
ary modes relies on the anticommuting nature of the in-
volved matrices (not on their explicit representations),
we choose (whenever possible) matrices multiplying the
sine (cosine and constant) functions to be purely imag-
inary (real), such that the hopping elements in the real
space are completely real. Exceptions from this scenario
are rather sparse, see Secs. III B and V B, for exmaple.
One can then implement a lattice topological model on
an electric circuit by supplementing each node (represent-
ing a lattice site) by only two subnodes, between which
the phases of current and voltage differ by a factor of
exp(ipi) = −1, see Sec. II B 1. We also highlight a gener-
alization of this construction involving four (Sec. II B 2)
as well as n (Sec. II B 3) subnodes.
Subsequently, we present electric circuit realizations
of various gapless topological phases, such as two- and
three-dimensional Dirac semimetals, in Secs. VI A and
VI C, by respectively stacking 1D SSH and 2D QSHI
circuits, while preserving the translational symmetry in
the stacking direction. In addition, we also show a con-
crete realization of Weyl topoelectric circuits by stack-
ing 2D Chern insulators (Sec. VI B). These topoelec-
tric semimetals are then identified from the on-resonance
impedance that mimics the Fermi arc states in the real
space. On the other hand, a nodal-line topoelectric cir-
cuit is identified from on-resonance impedance, localized
on the top and bottom surfaces, bearing the signature
of drumhead surface states in the real space (Sec. VI A).
Finally, we also show realization of higher-order Dirac
topoelectric circuit, featuring hinge localized impedance
(Sec. VI D).
By focusing on the specific example of the Chern cir-
cuit (Sec. III B), we show that the measurement of on-
resonance impedance can be instrumental in mapping
the global phase diagram of topological lattice models
in topelectric circuits. In particular, we find that the on-
resonance impedance is finite only inside the topological
phases, while it vanishes in the trivial phase as well as at
the topological quantum critical point between two topo-
logically distinct phases (Fig. 8). Therefore, our findings
can be consequential in experiments to understand vari-
ous paradigmatic toy models of topological phases.
18
In the future, it will be worthwhile to investigate the
role of disorder in topoelectric circuits. Disorder can
be implemented in this setup by randomly and inde-
pendently varying the grounding elements (the capacitor
(Ca) or inductor (La) in Fig. 1, for example) at each node
of the circuit, such that the resonance frequency (ωR) dis-
plays a random spatial variation δωR(x), with the spa-
tial average 〈δωR(x)〉 = 0. Such disordered topoelec-
tric circuits can mimic a variety of interesting phenom-
ena of dirty topological systems, among which possibly
the most interesting are topological Anderson insulator
in electrical circuits [110], gradual melting of the Fermi
arc [107] and hinge [111] impedance respectively in 3D
Weyl and higher-order Dirac topoelectric circuits. Fur-
thermore, the jurisdiction of topoelectric circuits can be
further extended by engineering lattice defects to probe
topological phases in this setup. Even though lattice de-
fects have been realized in other topological metamateri-
als, such as photonic [112, 113] and phononic [114–116]
crystals, their realizations in topoloelectric crystals re-
main to be studied.
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Appendix A: One-shift generator of hopping phase
factors
The one-shift matrix is of the form (for a fixed n, omit-
ted here for the notational clarity)
Cij,(1) = C [δi,j+1(1− δi,1) + δi,1δj,n] . (A1)
The corresponding effective hopping element then reads
t(1) = Tr[PˆvCˆ(1)Pˆv], (A2)
where Pˆv is the projector onto the subspace generated by
the unit vector v with the components being the nth roots
of unity, namely vk = exp
[
2ipi(1−k)
n
]
, where k = 1, ..., n.
More explicitly,
t(1) = C
1
n2
∑
i,k,l
viv
∗
k[δk,l+1(1− δk,1) + δk,1δl,n]vlv∗i
= exp
[
2ipi
n
]
C. (A3)
An analogous calculation for the s-shift matrix, which is
a product of s one-shift matrices, given by
Cij,(s) = C [δi,j+s(1− δi,s) + δi,sδj,n] , (A4)
yields the effective hopping t(s) = C exp
[
2ipis
n
]
. There-
fore, one-shift is a generator of hopping phase factors.
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